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L Numerical, Graphical, and Analytic Analysis Find two
positive numbers whose sum is 110 and whose product is a
maximum.

‘2) Analytically complete six rows of a table such as the one
below. (The first two rows are shown.)

First Second
Number x | Number Product P
10 110 — 10 | 10(110 — 10) = 1000
20 110 — 20 | 20(110 — 20) = 1800

o) Use a graphing utility to generate additional rows of the
table. Use the table to estimate the solution. (Hint: Use the
rable feature of the graphing utility.)

<) Write the product P as a function of x.

&) Use a graphing utility to graph the function in part (c) and
estimate the solution from the graph.

=1 Use calculus to find the critical number of the function in
part (¢). Then find the two numbers.

~ Numerical, Graphical, and Analytic Analysis An open box

= maximum volume is to be made from a square piece of
- =aterial, 24 inches on a side, by cutting equal squares from the
- comers and turning up the sides (see figure).

x| EE

— 24 - 2x —

& Analytically complete six rows of a table such as the one
below. (The first two rows are shown.) Use the table to
cuess the maximum volume.

Length and
Height Width Volume
1 24 = 2(1) | 1[24 — 2(1)P = 484
2 24 — 2(2) 2[24 — 2(2)]* = 800

= Write the volume V as a function of x.
= Use calculus to find the critical number of the function in
part (b) and find the maximum value.
= Use a graphing utility to graph the function in part (b) and
verify the maximum volume from the graph.

SECTION 3.7 Optimization Problems 223

See www.CalcChat.com for worked-out solutions to odd-numbered exercises.

In Exercises 3-8, find two positive numbers that satisfy the
given requirements.

3. The sum is S and the product is a maximum.
4. The product is 192 and the sum is a minimum.

5. The product is 192 and the sum of the first plus three times the
second is a minimum.

6. The second number is the reciprocal of the first and the sum is
a minimum.

7. The sum of the first and twice the second is 100 and the product
is a maximum.

8. The sum of the first number squared and the second is 27 and
the product is a maximum.

In Exercises 9 and 10, find the length and width of a rectangle
that has the given perimeter and a maximum area.

9. Perimeter: 100 meters 10. Perimeter: P units

In Exercises 11 and 12, find the length and width of a rectangle
that has the given area and a minimum perimeter.

11. Area: 64 square feet 12. Area: A square centimeters

In Exercises 13-16, find the point on the graph of the function
that is closest to the given point.

Function Point Function Point
13, fe =" T B0 4. fx) =Vx—-8 (2,0
15. f(x) = 22 (2,1) 16. f(x) = (x+ 12  (5,3)

17. Chemical Reaction In an autocatalytic chemical reaction, the
product formed is a catalyst for the reaction. If Q, is the amount
of the original substance and x is the amount of catalyst formed,
the rate of chemical reaction is
dQ
— = ex(Q, — x)
= k(@) ~ )

For what value of x will the rate of chemical reaction be
greatest?

18. Traffic Control On a given day, the flow rate F (cars per
hour) on a congested roadway is

A4
B 22 + 0.0212

where v is the speed of the traffic in miles per hour. What speed
will maximize the flow rate on the road?

19. Area A farmer plans to fence a rectangular pasture adjacent
to a river. The pasture must contain 180,000 square meters
in order to provide enough grass for the herd. What dimen-
sions would require the least amount of fencing if no fencing is
needed along the river?
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20. Maximum Area A rancher has 200 feet of fencing with
which to enclose two adjacent rectangular corrals (see figure).
What dimensions should be used so that the enclosed area will
be a maximum?

21. Maximum Volume

(a) Verify that each of the rectangular solids shown in the
figure has a surface area of 150 square inches.

(b) Find the volume of each solid.

(c) Determine the dimensions of a rectangular solid (with a
square base) of maximum volume if its surface area is 150
square inches.

> -5 —8
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22. Maximum Volume Determine the dimensions of a rectangular
solid (with a square base) with maximum volume if its surface
area is 337.5 square centimeters.

23. Maximum Area A Norman window is constructed by
adjoining a semicircle to the top of an ordinary rectangular
window (see figure). Find the dimensions of a Norman window
of maximum area if the total perimeter is 16 feet.

24. Maximum Area A rectangle is bounded by the x- and y-axes
and the graph of y = (6 — x)/2 (see figure). What length and
width should the rectangle have so that its area is a maximum?
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25. Minimum Length A right triangle is formed in the fi=

quadrant by the x- and y-axes and a line through the point (1. =

(see figure).

(a) Write the length L of the hypotenuse as a function of x.

(b) Use a graphing utility to approximate x graphically sucs
that the length of the hypotenuse is a minimum.

(c) Find the vertices of the triangle such that its area is
minimum.

26. Maximum Area Find the area of the largest isosceles trianzi
that can be inscribed in a circle of radius 4 (see figure).

(a) Solve by writing the area as a function of /.
(b) Solve by writing the area as a function of a.
(c) Identify the type of triangle of maximum area.
27. Maximum Area A rectangle is bounded by the x-axis and =

semicircle y = /25 — x? (see figure). What length and wics
should the rectangle have so that its area is a maximum?
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28. Area Find the dimensions of the largest rectangle that can ==
inscribed in a semicircle of radius r (see Exercise 27).

29. Area A rectangular page is to contain 30 square inches =
print. The margins on each side are 1 inch. Find the dimensics
of the page such that the least amount of paper is used.

30. Area A rectangular page is to contain 36 square inches =
print. The margins on each side are to be 1% inches. Find e
dimensions of the page such that the least amount of paper
used.
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34. Maximum Volume Rework Exercise 33 for a cylindrical

- 31. Numerical, Graphical, and Analytic Analysis  An exercise
: package. (The cross section is circular.)

room consists of a rectangle with a semicircle on each end. A

200-meter running track runs around the outside of the room. 35. Maximum Volume Find the volume of the largest right

(a) Draw a figure to represent the problem. Let x and y repre- circular cone that can be inscribed in a sphere of radius .

sent the length and width of the rectangle.

(b) Analytically complete six rows of a table such as the one
below. (The first two rows are shown.) Use the table to
guess the maximum area of the rectangular region.

Length x Width y Area
2 2
10 ;(100 = 10} (10)7_7(100 = 10) =~ 573 36. Maximum Volume Find the volume of the largest right
circular cylinder that can be inscribed in a sphere of radius .
20 %(100 =20) (20)7%(100 - 20) =~ 1019
Writing About Concepts

ic) Write the area A as a function of x. 37. The perimeter of a rectangle is 20 feet. Of all possible

dimensions, the maximum area is 25 square feet when its
length and width are both 5 feet. Are there dimensions that
yield a minimum area? Explain.

d) Use calculus to find the critical number of the function in
part (c) and find the maximum value.

‘e) Use a graphing utility to graph the function in part (c) and

verify the maximum area from the graph. 38. A shampoo bottle is a right circular cylinder. Because the
surface area of the bottle does not change when it is
squeezed, is it true that the volume remains the same?
Explain.

= Numerical, Graphical, and Analytic Analysis A right circu-
‘ar cylinder is to be designed to hold 22 cubic inches of a soft
drink (approximately 12 fluid ounces).

‘2) Analytically complete six rows of a table such as the one

low. (Th :
e ewn) 39. Minimum Surface Area A solid is formed by adjoining two

hemispheres to the ends of a right circular cylinder. The total

Radius r | Height Surface Area volume of the solid is 12 cubic centimeters. Find the radius of
o) oY) the cylinder that produces the minimum surface area.

02 7(0.2)? 277(0'2)[0'2 i 77-(0,2)2} St 40. Minimum Cost An industrial tank of the shape described in

Exercise 39 must have a volume of 3000 cubic feet. The hemi-

0.4 22 277(0. 4)[0. A 22 } ST spherical ends cost twice as much per square foot of surface

m(0.4)? m(0.4)? area as the sides. Find the dimensions that will minimize cost.

41. Minimum Area The sum of the perimeters of an equilateral
triangle and a square is 10. Find the dimensions of the triangle
and the square that produce a minimum total area.

o Use a graphing utility to generate additional rows of the
table. Use the table to estimate the minimum surface area.

(Hint: Use the table feature of the graphing utility.) L Wi
42. Maximum Area Twenty feet of wire is to be used to form two

'=) Write the surface area S as a function of 7. figures. In each of the following cases, how much wire should

- = Use a graphing utility to graph the function in part (c) and
estimate the minimum surface area from the graph.

= Use calculus to find the critical number of the function in
part (c) and find dimensions that will yield the minimum
surface area.

Maximum Volume A rectangular package to be sent by a
- sostal service can have a maximum combined length and girth
- cecimeter of a cross section) of 108 inches (see figure). Find

‘= dimensions of the package of maximum volume that can be
==t (Assume the cross section is square.)

i

be used for each figure so that the total enclosed area is
maximum?

(a) Equilateral triangle and square

(b) Square and regular pentagon

(¢) Regular pentagon and regular hexagon
(d) Regular hexagon and circle

What can you conclude from this pattern? {Hint: The area
of a regular polygon with n sides of length x is
A = (n/4)[cot(m/n)]x2}

43. Beam Strength A wooden beam has a rectangular cross

section of height & and width w (see figure on the next page).
The strength S of the beam is directly proportional to the width
and the square of the height. What are the dimensions of the

strongest beam that can be cut from a round log of diameter

24 inches? (Hint: S = kh®w, where k is the proportionality
constant.)
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44.

45.

46.

47.

48.
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Figure for 43 Figure for 44

Minimum Length Two factories are located at the coordi-
nates (—x,0) and (x, 0) with their power supply located at
(0, ) (see figure). Find y such that the total length of power line
from the power supply to the factories is a minimum.

Projectile Range The range R of a projectile fired with an
initial velocity v, at an angle @ with the horizontal is

_ vgsin26 L ; oL
= —g— where g is the acceleration due to gravity. Find

the angle 6 such that the range is a maximum.

Conjecture Consider the functions f(x) = Ix and

g(x) = Ex* — 5x on the domain [0, 4].

(a) Use a graphing utility to graph the functions on the speci-
fied domain.

(b) Write the vertical distance d between the functions as a
function of x and use calculus to find the value of x for
which d is maximum.

(c) Find the equations of the tangent lines to the graphs of f
and g at the critical number found in part (b). Graph the
tangent lines. What is the relationship between the lines?

(d) Make a conjecture about the relationship between tangent
lines to the graphs of two functions at the value of x at
which the vertical distance between the functions is
greatest, and prove your conjecture.

Ilumination A light source is located over the center of a
circular table of diameter 4 feet (see figure). Find the height
of the light source such that the illumination I at the perimeter
of the table is maximum if / = k(sin «)/s? where s is the slant
height, « is the angle at which the light strikes the table, and k
is a constant.

Illumination The illumination from a light source is directly
proportional to the strength of the source and inversely
proportional to the square of the distance from the source.
Two light sources of intensities /; and I, are d units apart.
What point on the line segment joining the two sources has
the least illumination?

49.

50.

51.

52.

Minimum Time A man is in a boat 2 miles from the ne==
point on the coast. He is to go to a point Q, located 3 m=&
down the coast and 1 mile inland (see figure). He can row
miles per hour and walk at 4 miles per hour. Toward what pe
on the coast should he row in order to reach point Q in the =
time?

B

Minimum Time Consider Exercise 49 if the point Q is o=
shoreline rather than 1 mile inland.

(a) Write the travel time 7 as a function of a.

(b) Use the result of part (a) to find the minimum tims
reach Q.

(c) The man can row at v, miles per hour and walk at v, o=
per hour. Write the time 7 as a function of a. Show that
critical number of T depends only on v, and v, and nos
distances. Explain how this result would be more benefi
to the man than the result of Exercise 49.

(d) Describe how to apply the result of part (c) to minimi=
the cost of constructing a power transmission cable
costs ¢, dollars per mile under water and ¢, dollars per = '
over land.

Minimum Time The conditions are the same as in Ex
49 except that the man can row at v, miles per hour and wa'
v, miles per hour. If 6, and 6, are the magnitudes of the ans
show that the man will reach point Q in the least time whe=
sin 6,

sin 6,

Vi Vs
Minimum Time When light waves, traveling in a transpa==
medium, strike the surface of a second transparent med:
they change direction. This change of direction is ca%
refraction and is defined by Snell’s Law of Refraction,
sin 6,

sin 6,

X L)
where 6, and 6, are the magnitudes of the angles shown in &
figure and v, and v, are the velocities of light in the two me&
Show that this problem is equivalent to that of Exercise 51. 2

that light waves traveling from P to Q follow the patk
minimum time.

P
= I
5 |
bl : Medium 1
N 1
d, ) !
s oo
% o a-x
S
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Medium 2 % \\jdz
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(2) Find the distance from the origin to the y-intercept and the
distance from the origin to the x-intercept.

') Write the distance d from the origin to a point on the graph
of f as a function of x. Use your graphing utility to graph
d and find the minimum distance.

‘<) Use calculus and the zero or root feature of a graphing
utility to find the value of x that minimizes the function d
on the interval [0, 7/2]. What is the minimum distance?

(Submitted by Tim Chapell, Penn Valley Community
College, Kansas City, MO.)

inimum Cost An offshore oil well is 2 kilometers off the
- coast. The refinery is 4 kilometers down the coast. Laying pipe

= the ocean is twice as expensive as on land. What path should
== pipe follow in order to minimize the cost?

Minimum Force A component is designed to slide a block of
- ===1 with weight W across a table and into a chute (see
- Szure). The motion of the block is resisted by a frictional force
=roportional to its apparent weight. (Let k be the constant of
- =roportionality.) Find the minimum force F needed to slide the
- =iock, and find the corresponding value of 6. (Hint: F cos 0 is
- === force in the direction of motion, and F sin 6 is the amount
- “orce tending to lift the block. So, the apparent weight of the

Slock is W — Fsin 6.)

imum Volume A sector with central angle 6 is cut from a
1= of radius 12 inches (see figure), and the edges of the
- == are brought together to form a cone. Find the magnitude
= <uch that the volume of the cone is a maximum.

Figure for 57

58.
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Sketch the graph of f(x) =2 — 2sinx on the interval . 57. Numerical, Graphical, and Analytic Analysis The cross

sections of an irrigation canal are isosceles trapezoids of which
three sides are 8 feet long (see figure). Determine the angle of
elevation 6 of the sides such that the area of the cross section is
a maximum by completing the following.

(2) Analytically complete six rows of a table such as the one
below. (The first two rows are shown.)

Base 1 Base 2 Altitude Area
8 8 + 16cos 10° | 8sin10° | =22.1
8 8 + 16cos20° | 8sin20° | =425

(b) Use a graphing utility to generate additional rows of the
table and estimate the maximum cross-sectional area.
(Hint: Use the table feature of the graphing utility.)

(c) Write the cross-sectional area A as a function of 6.

(d) Use calculus to find the critical number of the function in
part (c) and find the angle that will yield the maximum
cross-sectional area.

(e) Use a graphing utility to graph the function in part (c) and
verify the maximum cross-sectional area.

Maximum Profit Assume that the amount of money deposited
in a bank is proportional to the square of the interest rate the bank
pays on this money. Furthermore, the bank can reinvest this
money at 12%. Find the interest rate the bank should pay to
maximize profit. (Use the simple interest formula.)

. Minimum Cost The ordering and transportation cost C of the

components used in manufacturing a product is

200 x
== fadiine >
C 100( B o 30), |

where C is measured in thousands of dollars and x is the order
size in hundreds. Find the order size that minimizes the cost.
(Hint: Use the root feature of a graphing utility.)

60. Diminishing Returns The profit P (in thousands of dollars)

for a company spending an amount s (in thousands of dollars)
on advertising is

P = —15s3 + 652 + 400.
(a) Find the amount of money the company should spend on
advertising in order to yield a maximum profit.

(b) The point of diminishing returns is the point at which the
rate of growth of the profit function begins to decline. Find
the point of diminishing returns.

Minimum Distance In Exercises 61-63, consider a fuel distri-
bution center located at the origin of the rectangular coordinate
system (units in miles; see figures on next page). The center
supplies three factories with coordinates (4,1),(5,6), and
(10, 3). A trunk line will run from the distribution center along
the line y = mx, and feeder lines will run to the three factories.
The objective is to find m such that the lengths of the feeder
lines are minimized.
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61. Minimize the sum of the squares of the lengths of vertical
feeder lines given by

S, = (dm — 1)2 + (5m — 6)2 + (10m — 3)2.

Find the equation for the trunk line by this method and then
determine the sum of the lengths of the feeder lines.

. 62. Minimize the sum of the absolute values of the lengths of

vertical feeder lines given by
S, = |4m — 1| + |5m — 6] + |10m — 3.

Find the equation for the trunk line by this method and then
determine the sum of the lengths of the feeder lines. (Hint: Use
a graphing utility to graph the function S, and approximate the
required critical number.)

) )
8+ (10, 10m) 8+
Bk (5.6) y=mx 5. (5, 6) y=mx
44 (5. 5m) Ter
g M0 (10.3) 2t (10, 3)
(CY) 4.1
= e e
2 46 8 10 2 4 6 810
Figure for 61 and 62 Figure for 63

- 63. Minimize the sum of the perpendicular distances (see Exercises

85-90 in Section P.2) from the trunk line to the factories
given by

_|4m—=1] | |5m—6] , |10m — 3]
Jmr+1l UmP+1 SmEP+1l

Find the equation for the trunk line by this method and then
determine the sum of the lengths of the feeder lines. (Hint: Use
a graphing utility to graph the function S5 and approximate the
required critical number.)

Ss

64. Maximum Area Consider a symmetric cross inscribed in a
circle of radius r (see figure).
(a) Write the area A of the cross as a function of x and find the
value of x that maximizes the area.
(b) Write the area A of the cross as a function of 6 and find the
value of 6 that maximizes the area.

(c) Show that the critical numbers of parts (a) and (b) yield the
same maximum area. What is that area?

=
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Putnam Exam Challenge

65. Find the maximum value of f(x) = x> — 3x on the set of all =
numbers x satisfying x* + 36 < 13x2. Explain your reasoni=

66. Find the minimum value of

(x+1/x)°— (x® + 1/x%) — 2
e+ 1/xP + (3 + 1/53)

for x > 0.

These problems were composed by the Committee on the Putnam Prize Compet
© The Mathematical Association of America. All rights reserved.

Section Project: = Connecticut River
Whenever the Connecticut River reaches a level of 105 feet 2
sea level, two Northampton, Massachusetts flood control stz
operators begin a round-the-clock river watch. Every 2 hours. =
check the height of the river, using a scale marked off in tenths
foot, and record the data in a log book. In the spe
of 1996, the flood watch lasted from April 4, when the river rea=
105 feet and was rising at 0.2 foot per hour, until April 25, whe=s
level subsided again to 105 feet. Between those dates, their
shows that the river rose and fell several times, at one point com
close to the 115-foot mark. If the river had reached 115 feet, the
would have closed down Mount Tom Road (Route 5, souts
Northampton).

The graph below shows the rate of change of the level of the =
during one portion of the flood watch. Use the graph to answer
question.

R

4
3
2
1

Rate of change
(in feet per day)

| ]
B oW

Day (0 <> 12:01a.M. April 14)

(a) On what date was the river rising most rapidly? How de
know?

(b) On what date was the river falling most rapidly? Hos
you know?

(¢) There were two dates in a row on which the river rose. &
fell, then rose again during the course of the day. On =
days did this occur, and how do you know?

(d) At 1 minute past midnight, April 14, the river level
111.0 feet. Estimate its height 24 hours later and 48 &s
later. Explain how you made your estimates.

(e) The river crested at 114.4 feet. On what date do you =
this occurred?

(Submitted by Mary Murphy, Smith College,
Northampton, MA)





