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The last example in this section looks at a region that is bounded by the y-axis
(rather than by the x-axis).

2
EXAMPLE 7 A Region Bounded by the y-axis
e )
= : Find the area of the region bounded by the graph of f(y) = y2 and the y-axis for
;‘_ 0 <y < 1, as shown in Figure 4.17.
Solution When f is a continuous, nonnegative function of y, you still can use the
= (1, 1) same basic procedure shown in Examples 5 and 6. Begin by partitioning the interval
| p P gin by p g
3 = [0, 1] into n subintervals, each of width Ay = 1/n. Then, using the upper endpoints
“ ¢; = i/n, you obtain
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-y n—so0 (3 2n 6n2)
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The area of the region is % seem——
=xercises for Section 4 =) See www.CalcChat.com for worked-out solutions to odd-numbered exercises.
: s Exercises 1-6, find the sum. Use the summation capabilities 3\27/3 3n\21/3
® & zraphing utility to verify your result. 13. 1211 + Al i e 2l T el
E 6 1 0\ 1 n— 1}
SLER 2 NG SN =
s | 1
2 4 Z; In Exercises 15-20, use the properties of summation and
= 4 ;3 Theorem 4.2 to evaluate the sum. Use the summation capabili-
s V. 6. 2[ i— D2+ G+ 1)7] ties of a graphing utility to verify your result.
- a e 20 15
15. ¥ 2i 16. Y (2i —3)
ises 7—14, use sigma notation to write the sum. =1 =1
20 10
E 1 e T2 i =
. . 7. 36~ 1) 18 32 1)
1) 3(2) 303 3(9) e '10
3 5 5 5 19, ¥ d(i—1)2 20. Y i(i2+ 1)
+ e . . 73
T RS T = =
B (1 2 8 . g . -
=) +3|+|5(2)+3]+---+]|5(2)+3 In Exercises 21 and 22, use the summation capabilities of a
— 8 8 8 graphing utility to evaluate the sum. Then use the properties of
E 2 2 2 1 1
. <l> ] o [1 " (g) } PR [1 - (ﬁ) ] summation and Theorem 4.2 to verify the sum.
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In Exercises 23-26, bound the area of the shaded region by In Exercises 35-38, use the summation formulas to rewrite the
approximating the upper and lower sums. Use rectangles of expression without the summation notation. Use the result &
width 1. find the sum for » = 10, 100, 1000, and 10,000.
5 ) - n 7 + n 7 +
23, 3 24, 35 221 1 36. 4j + 3
" S . o P
L 8 n, 6k(k — 1) 42 — 1)
4 4 — Al TS
37. kgl e 38. 'Zl o
3 3
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2 . \ In Exercises 39-44, find a formula for the sum of n terms. Use
1 1 the formula to find the limit as n — oo.
X X
n 7 n 2‘ 2
A brdes 3. lim 3% 40. lim 2(—’)(—)
25 y 2 v n—o & n ne = Nl NI
: : ) nol " ) n 2i\2/2
A lim ¥ =ali— 1} 42. 1im M |1+=)(=
5 ¥ 5 n—oo & n3 n—oco & n)\n
\ . ;
4 4 n n 3
/ \ 43. lim (1 % i>(3> 4. lim E(l + 2) <3>
3 3 \f n—oe =4 n)\n n—oo &4 n n
2 2 3
\\ 45. Numerical Reasoning Consider a triangle of area 2 bound=t
: : N by the graphs of y = x, y = 0, and x = 2.
1 2 3 4 5 * 1 2 3 4 5 e (a) Sketch the region.

(b) Divide the interval [0, 2] into n subintervals of equal wids

In Exercises 27-30, use upper and lower sums to approximate and show that the endpoints are

the area of the region using the given number of subintervals (of 2 2 2
: 0<1=)]<:-<@m—-D=] <nl=
equal width). n n
n 2 2
27, y= Jx 28. y= Jx+2 (c) Show that s(n) = E[(z — 1)(;)](;)
i=1
y y i
(d) Show that S(n) = [i (%)](2)
Tl —~ 3 =il A n
Complete the table. 5
3 (e) Complete the table 3 E 10 50 | 100
1 s(n)
% e e X S(n)
1 | 12
(f) Show that lim s(n) = lim S(n) = 2.
29. y=— 30. y =1 —x2 n—co n—c0
46. Numerical Reasoning Consider a trapezoid of area 4 bound=t
y y by the graphs of y = x,y = 0,x = 1, and x = 3.
(a) Sketch the region.
14 e (b) Divide the interval [1, 3] into n subintervals of equal wids
and show that the endpoints are
. 1<1+1<2><'--<1+(n—1)<g)<l+n(z).
T 1 } T X n n n
1 2 % %
1 z : 2\ (2
(c) Show that s(n) = 2[1 + (i — 1)(—)](—).
=1 fANR
In Exercises 31-34, find the limit of s(n) as n — oco. (@) SHow that S0 = i [1 " z(%)](%)
81[ n%(n + 1)2] =1
1. =—|— ;
31. s(n) n“[ n (e) Complete the table = . o |50
32, s(n) = %[W} )
S(n)
L2 e B
33. s(n) = nz[ > 34. s(n) = " >

() Show that lim s(n) = lim S(n) = 4.
n—co n—oo





[image: image3.jpg]= Exercises 47-56, use the limit process to find the area of the
=zion between the graph of the function and the x-axis over the
‘=wen interval. Sketch the region.

y=—2c+3, [0,1] 48. y=3x— 4, [2,5]
E— x> +2 [0,1] 50. y=x>+1, [0,3]
16— x2 [1,3] 52. y=1-4x2 [-1,1]

¥=64 —x3, [1,4] 54. y = 2x — 22, [0,1]
[<1,1] 86y = 325 [210]

o

Exercises 57-62, use the limit process to find the area of the
==on between the graph of the function and the y-axis over the
swen y-interval. Sketch the region.

= 7(y)=3y,0<y<2 58. g(y) =33.2<y<4
& () =)2,0<y<3 60. f(y)=4y—y,1<y<2
gy)=4-»1<y<362 hy)=y»¥+1,1<y<2

Exercises 63—66, use the Midpoint Rule
, E =

= oy — Ef(xt xt—l)Ax

3 = 2

n =4 to approximate the area of the region bounded
% the graph of the function and the x-axis over the given inter-

i) = x>+ 3, [0,2] 64. f(x) = x> + 4x, [0,4]
E Flx) = tanx, [O, ?IT] 66. f(x) = sinx, [O, g}

gramming Write a program for a graphing utility to
oximate areas by using the Midpoint Rule. Assume that the
:tion is positive over the given interval and the subintervals
of equal width. In Exercises 67-70, use the program to
oximate the area of the region between the graph of the func-
and the x-axis over the given interval, and complete the table.

+ 8 12 | 16 | 20

proximate Area

Be) = /» [0,4] 68. f(x) = (2, 6]

x2+1

flx) = tan(%), [1,8] 70. f(x) = cos /x, [0,2]

Writing About Concepts

sproximation In Exercises 71 and 72, determine which
wzlue best approximates the area of the region between the
=-axis and the graph of the function over the given interval.
~Make your selection on the basis of a sketch of the region
2ad not by performing calculations.)

L f(x) =4 —x% [0,2]
f2) =2 ()6 (c) 10 @3 ()8
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Writing About Concepts (continued)

72. f(x) = sin "Tx, [0, 4]
@I Wi Wl W e

73. In your own words and using appropriate figures, describe
the methods of upper sums and lower sums in approximating
the area of a region.

74. Give the definition of the area of a region in the plane.

75. Graphical Reasoning Consider the region bounded by the
graphs of

x=0, x=4, and y =0, as shown in the figure. To
print an enlarged copy of the graph, go to the website
www.mathgraphs.com.

¥

(a) Redraw the figure, and complete and shade the rectangles
representing the lower sum when n = 4. Find this lower sum.

(b) Redraw the figure, and complete and shade the rectangles

representing the upper sum when n = 4. Find this upper
sum.

(c) Redraw the figure, and complete and shade the rectangles
whose heights are determined by the functional values at
the midpoint of each subinterval when n = 4. Find this sum
using the Midpoint Rule.

d

=

Verify the following formulas for approximating the area of
the region using 7 subintervals of equal width.

Lower sum: s(n) = Elf [(i -1 s] <%)
Upper sum: S(n) = lgxf [(i) ﬂ (%)
Midpoint Rule: M(n) = ’_Zf [(‘ = %) ﬁ] (ﬂ)

n n

. (e) Use a graphing utility and the formulas in part (d) to
complete the table.

n 4 8 20 | 100 | 200
s(n)
S(n)
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(f) Explain why s(n) increases and S(n) decreases for
increasing values of 7, as shown in the table in part (e).

76. Monte Carlo Method The following computer program
approximates the area of the region under the graph of a mono-
tonic function and above the x-axis between x = aand x = b.
Run the program for ¢ = 0 and b = /2 for several values of
N2. Explain why the Monte Carlo Method works. [Adapration
of Monte Carlo Method program from James M. Sconyers,
“Approximation of Area Under a Curve” MATHEMATICS
TEACHER 77, no. 2 (February 1984). Copyright © 1984 by
the National Council of Teachers of Mathematics. Reprinted
with permission.]

10 DEF FNF(X)=SIN(X)
20 A=0
30 B=n/2
40  PRINT “Input Number of Random Points”
50 INPUT N2
60 NI1=0
70 IF  FNF(A)>FNF(B) THEN YMAX=FNF(A) ELSE
YMAX=FNF(B)
80 FOR I=1 TO N2
90  X=A+(B-A)*RND(1)
100 Y=YMAX*RND(1)
110 TF Y>=FNF(X) THEN GOTO 130
120 NI1=Nl1+1
130 NEXTI
140 AREA=(N1/N2)%(B-A)*YMAX
150  PRINT “Approximate Area:”: AREA
160 END

True or False? 1In Exercises 77 and 78, determine whether the
statement is true or false. If it is false, explain why or give an
example that shows it is false.

77. The sum of the first n positive integers is n(n + 1)/2.

78. If f is continuous and nonnegative on [a, b], then the limits as

n—o0 of its lower sum s(n) and upper sum S(1) both exist and
are equal.

79. Writing Use the figure to write a short paragraph explaining
why the formula 1 +2 4+ - -+ + 5 = %n(n + 1) is valid for
all positive integers n.

LS. 8 6. & &1
LR b & & & ¢

. & & ¢

Figure for 79 Figure for 80

80. Graphical Reasoning Consider an n-sided regular polyss
inscribed in a circle of radius r. Join the vertices of the polygon
the center of the circle, forming 7 congruent triangles (see figurs
(a) Determine the central angle 6 in terms of n.

(b) Show that the area of each triangle is %rz sin 6.

(c) Let A, be the sum of the areas of the n triangles. Fis
lim A,.

n—co
. 81. Modeling Data The table lists the measurements of a &
bounded by a stream and two straight roads that meet at g
angles, where x and y are measured in feet (see figure).

x| 0 [ 50 [100 [ 150 [ 200 ] 250 | 300 |
| v ] 450 [ 362 | 305 [ 268 [ 245 | 156 | 0

(a) Use the regression capabilities of a graphing utility to fiz
amodel of the form y = ax3 + bx2 + ¢x + 4.
(b) Use a graphing utility to plot the data and graph the mod="

(c) Use the model in part (a) to estimate the area of the lot.
5
_-Road

Stream
i

ek nis even.

il ] I
T T T T T T
50 100 150 200 250 300

Figure for 81 Figure for 82

82. Building Blocks A child places n cubic building blocks in
row to form the base of a triangular design (see figure).
successive row contains two fewer blocks than the preceding
row. Find a formula for the number of blocks used in the
design. (Hint: The number of building blocks in the design
depends on whether 7 is odd or even.)

83. Prove each formula by mathematical induction. (You may ness

to review the method of proof by induction from a precalcule
text.)

(a) ﬁ:Zi =nn+ 1)
=1

o 2 l’lz(l’l + 1)2
(b) ;:3 S

Putnam Exam Challenge

84. A dart, thrown at random, hits a Square target. Assuming tha:
any two parts of the target of equal area are equally likely to be
hit, find the probability that the point hit is nearer to the center
than to any edge. Write your answer in the form (a\/l_J + c)/a'.
where a, b, ¢, and d are positive integers. E

This problem was composed by the Committee on the Putnam Prize Competition.
© The Mathematical Association of America. All rights reserved.





