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Integration

Exercises for Section 4.5

In Exercises 1-6, complete the table by identifying z and du for

the integral.
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In Exercises 7-34, find the indefinite integral and check the

result by differentiation.
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See www.CalcChat.com for worked-out solutions to odd-numbered exercise

In Exercises 35-38, solve the differential equation.

dy 4x
35 D oayy =
PR =
46 & _ 102
“dx ST+
dy ___x+1
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dy x—4
38—
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. Slope Fields In Exercises 39-42, a differential equation.

point, and a slope field are given. A slope field consists of E
segments with slopes given by the differential equation. These
segments give a visual perspective of the directions of
solutions of the differential equation. (a) Sketch two approxim:
solutions of the differential equation on the slope field, one
which passes through the given point. (To print an enlarged ce
of the graph, go to the website www.mathgraphs.com.) (b)
integration to find the particular solution of the differents
equation and use a graphing utility to graph the solutic
Compare the result with the sketches in part (a).
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== in Example 5.
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o verify your result.
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Exercises 43-56, find the indefinite integral.

44, J- 4x3 sin x* dx
46. f cos Ox dx

48. fx sin x2 dx

52 j Jtan x sec? x dx

54. f 51n3x e
COS” X

3 i
56. fcsc <2>dx

sercises 57-62, find an equation for the function f that has
swen derivative and whose graph passes through the given

Point

srcises 63-70, find the indefinite integral by the method

64. jx\/2x+ 1 dx
66. f(x + 1/2 — xdx

26+ 1

X4
70. ft It — 4dr

68.

“sercises 71-82, evaluate the definite integral. Use a graphing
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0
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Differential Equations 1In Exercises 83-86, the graph of a
function f is shown. Use the differential equation and the given
point to find an equation of the function.
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In Exercises 87-92, find the area of the region. Use a graphing

utility to verify your result.
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. In Exercises 93-98, use a graphing utility to evaluate the
integral. Graph the region whose area is given by the definite
integral.

4 2
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93. ——l] 94, 3x + 2dx
L\/2x+1 * J(;x %

7
95.fx\/x—3dx
3

} 6
97. f (6 + cos —) do
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Writing  In Exercises 99 and 100, find the indefinite integral in
two ways. Explain any difference in the forms of the answers.

5
96.jx2\/x—1dx
1

/2
98. j sin 2x dx
0

99. f(Zx — 1)2dx

100. fsin X cos x dx

In Exercises 101-104, evaluate the integral using the properties
of even and odd functions as an aid.

2 2
101. j x2(x2 + 1) dx 102. J' x(x2 + 13 dx

—D =2

/2 /2
103. f sin? x cos x dx 104. f sin x cos x dx
—m/2

—a/2

105. Use f2x2dx =} to evaluate each definite integral without
using the Fundamental Theorem of Calculus.

0 2
(a) f x%dx (b) f X2 dx
23 =g

2 0
(¢) f —x%dx (d) f 3t dx
0 o

106. Use the symmetry of the graphs of the sine and cos
functions as an aid in evaluating each definite integral.

/4 /4
(a) sin x dx (b) cos X dx
—m/4 —m/4
/2 /2
(c) cos x dx (d) sin x cos x dx

—7/2 =772

In Exercises 107 and 108, write the integral as the sum of
integral of an odd function and the integral of an even funct
Use this simplification to evaluate the integral.

4 T 3
107. f (B +6x2—2x—3)dx  108. f (sin 3x + cos 3z

-4

Writing About Concepts
109. Describe why

Jx(S — x2)3dx # ju3 du

where u = 5 — x2.

110. Without integrating, explain why

2
f x(x2 + 1)2dx = 0.
=

111. Cash Flow The rate of disbursement dQ/dt of a 2 milt
dollar federal grant is proportional to the square of 100 —
Time  is measured in days (0 < ¢ < 100), and Q is
amount that remains to be disbursed. Find the amount =
remains to be disbursed after 50 days. Assume that all
money will be disbursed in 100 days.

112. Depreciation The rate of depreciation dV/dt of a machinz
inversely proportional to the square of 7 + 1, where V is
value of the machine ¢ years after it was purchased. The in=
value of the machine was $500,000, and its value decreas
$100,000 in the first year. Estimate its value a&
4 years.

113. Rainfall The normal monthly rainfall at the Seattle-Tacos
airport can be approximated by the model
R = 3.121 + 2.399 5in(0.524¢ + 1.377)

where R is measured in inches and ¢ is the time in mons
with r = 1 corresponding to January. (Source: U.S. Natios
Oceanic and Atmospheric Administration)

(a) Determine the extrema of the function over a one-ve
period.

(b) Use integration to approximate the normal annual rai
(Hint: Integrate over the interval [0, 12].)

(c) Approximate the average monthly rainfall during =
months of October, November, and December.
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where ¢ is the time in months, with r = 1 corresponding to
January. Find the average sales for each time period.

(a) The first quarter (0 < 1 < 3)
(b) The second quarter (3 < < 6)
(¢) The entire year (0 < 7 < 12)

.. Water Supply A model for the flow rate of water at a pump-

ing station on a given day is

R() — 53 +7 sin<%’ 4 3.6) F 9cos<717—2t i 8.9>

where 0 < t < 24. R is the flow rate in thousands of gallons
per hour, and 7 is the time in hours.

a) Use a graphing utility to graph the rate function and
approximate the maximum flow rate at the pumping
station.

b) Approximate the total volume of water pumped in 1 day.
Electricity The oscillating current in an electrical circuit is
7 = 25sin(6071) + cos(12071)

where / is measured in amperes and 7 is measured in seconds.
Find the average current for each time interval.
<<

<< 5

B =<

bility In Exercises 117 and 118, the function
Bl —x)", 0<x<1

=n > 0, m > 0, and k is a constant, can be used to repre-

various probability distributions. If k is chosen such that

) dx = 1

srobability that x will fall between a and b (0 <a < b < 1)

b
[ 1o

The probability that a person will remember between a% and
5% of material learned in an experiment is

b
1
e .= st\/l—xdx

a,
a

where x represents the percent remembered. (See figure.)

‘a) For a randomly chosen individual, what is the probability
that he or she will recall between 50% and 75% of the
material?

118.

119.

il
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(b) What is the median percent recall? That is, for what value
of b is it true that the probability of recalling 0 to b is 0.5?

1 1 Jo c
1 T i T X

i
T T
a bos 1.0 15

Figure for 117

The probability that ore samples taken from a region contain
between a% and b % iron is

b
Pa, b= f 1;25)‘3(1 - X)3/2 dx

1

where x represents the percent of iron. (See figure.) What is
the probability that a sample will contain between

(a) 0% and 25% iron?
(b) 50% and 100% iron?

y
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t ; t x

!
a b 2

Temperature The temperature in degrees Fahrenheit in a
house is
T=72+12 sin{w—(%;—g)}

where ¢ is time in Hours, with 7 = 0 representing midnight.
The hourly cost of cooling a house is $0.10 per degree.

(a) Find the cost C of cooling the house if its thermostat is set
at 72°F by evaluating the integral

20 7T(f e 8)
Cc=0.1 [72 +12 sin = 72] dt. (See figure.)
8
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(b) Find the savings from resetting the thermostat to 78°F by
evaluating the integral

18 _
c=o.1f [72 ¥ 12sin77—(t—8)—78} dr.
10 12
(See figure.)
T
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Time (in hours)

120. Manufacturing A manufacturer of fertilizer finds that
national sales of fertilizer follow the seasonal pattern

2m(t — 60)]

F= 100,000[1 + sin 365

where F is measured in pounds and 7 represents the time in
days, with # = 1 corresponding to January 1. The manufacturer
wants to set up a schedule to produce a uniform amount of
fertilizer each day. What should this amount be?

. 121. Graphical Analysis Consider the functions f and g, where
4
f(x) = 6sinxcos>x and g(t) = Jf(x) dx.
0

(a) Use a graphing utility to graph f and g in the same
viewing window.

(b) Explain why g is nonnegative.

(c) Identify the points on the graph of g that correspond to the
extrema of f.

(d) Does each of the zeros of f correspond to an extremum of
g? Explain.

(e) Consider the function
t
h(t) = f f(x) dx.
/2

Use a graphing utility to graph 4. What is the relationship
between g and A? Verify your conjecture.

122, Find lim 3 Sn07/7)

n—+oo /= n
definite integral over the interval [0, 1].

by evaluating an appropriate

123. (a) Show that [y x2(1 — x)3 dx = fy x*(1 — x)2dx.
(b) Show that [y x*(1 — x)? dx = [y x*(1 — x)4 dx.
124. (a) Show that fj* sin? x dx = [J"* cos? x dx.

2 . ) ;
(b) Show that f(;T/ sin” x dx = f(;’/ cos” x dx, where n is a
positive integer.

True or False? In Exercises 125-130, determine whether the
statement is true or false. If it is false, explain why or give a=
example that shows it is false.

125. f(n + 1)2dx=32x+ 13+ C

126. fx(x2 + 1) dx =323 +x) + C

10

10
127. f (ax> + bx2 + cx + d) dx = 2[ (bx? + d) dx

—=10 0

b b+ 2
128. f sinxdx=f sin x dx

129. 4Jsin xcosxdx = —cos2x + C
130. fsinz 2xcos 2x dx = 3sin32x + C

131. Assume that f is continuous everywhere and that ¢ is =
constant. Show that

G5 b
f f(x)alx=cf flcx) dx.

132. (a) Verify thatsinu — ucosu + C = [usin u du.
(b) Use part (a) to show that f(;r sin/x dx = 2.
133. Complete the proof of Theorem 4.15.

134. Show that if f is continuous on the entire real number lins.
then

b b+h
ff(x+h)dx= F(x) dx.

a+h

Putnam Exam Challenge ;

135. If ay, a,, . . ., a, are real numbers satisfying
4 4 An
— 4+ =4+ -+ = i)
1 2 n+1
show that the equation a, + a;x + ax* + - - - + qx" =0

has at least one real zero.

136. Find all the continuous positive functions f(x), for0 < x < 1.
such that

J;f(x)dx =]
flf(x)xdx =a

f f)x2dx = o?
0

where « is a real number.
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