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I= Exercises 1 and 2, find the distance between the points using
2 the Distance Formula and (b) integration.
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- 1= Exercises 3-14, find the arc length of the graph of the
“anction over the indicated interval.
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Exercises 15-24, (a) graph the function, highlighting the part

licated by the given interval, (b) find a definite integral that

-presents the arc length of the curve over the indicated interval

wmd observe that the integral cannot be evaluated with the

-«chniques studied so far, and (c) use the integration capabilities
a graphing utility to approximate the arc length.

By —4—x%, 0<x<2
By — > +x—2, —2<x<1
._\’=l, lsx=3

SECTION 7.4 483

Arc Length and Surfaces of Revolution

S ee www:CalcChaticom for. worked-out soliitions'to odd-numbered EXEICISes:

1
L y=—— 0<x<
18. y =, 0<sxx1
19. y=sinx, 0<x <7
20. y = cos x, —Estg

21.
22. y=Inx,
23. y=2arctanx, 0<x<1

24. x=36—-y, 0<y<3

Approximation In Exercises 25 and 26, determine which value
best approximates the length of the arc represented by the
integral. (Make your selection on the basis of a sketch of the arc
and not by performing any calculations.)

[+ [

(a) 25 (b) 5 @) 2 (d —4 ) 3
”MW
26. fo 1+ [E(tan x)] dx
@3 ®-2 ©4 OF @I

. Approximation In Exercises 27 and 28, approximate the arc
length of the graph of the function over the interval [0, 4] in four
ways. (a) Use the Distance Formula to find the distance between
the endpoints of the arc. (b) Use the Distance Formula to find
the lengths of the four line segments connecting the points on
the arc when x = 0, x =1, x = 2, x = 3, and x = 4. Find the
sum of the four lengths. (c) Use Simpson’s Rule with n = 10 to
approximate the integral yielding the indicated arc length.
(d) Use the integration capabilities of a graphing utility to
approximate the integral yielding the indicated arc length.

27 f)i= 53 28, flx) = (% —4)?

. 29. (a) Use a graphing utility to graph the function f(x) = x?/3.

(b) Can you integrate with respect to x to find the arc length of
the graph of f on the interval [—1, 8]? Explain.

(c) Find the arc length of the graph of f on the interval [— 1, 8].

30. Astroid Find the total length of the graph of the astroid
x2/3 + 323 = 4,

x4y g
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31. Think About It The figure shows the graphs of the functions
Vi =%y, =5x¥2 y =132 and ¥4 = §x%2 on the interval
[0, 4]. To print an enlarged copy of the graph, go to the website
www.mathgraphs.com.

1 2 3 &4

(a) Label the functions.
(b) List the functions in order of increasing arc length.

(¢) Verify your answer in part (b) by approximating each arc
length accurate to three decimal places.

32. Think About It Explain why the two integrals are equal.

e 1
j,/1+édx=JJl+el‘dx
1 0

Use the integration capabilities of a graphing utility to verify
that the integrals are equal.

33. Length of Pursuit A fleeing object leaves the origin and
moves up the y-axis (see figure). At the same time, a pursuer
leaves the point (1, 0) and always moves toward the fleeing
object. The pursuer’s speed is twice that of the fleeing object.
The equation of the path is modeled by

Y= %()63/2 —Bxl/2 40,
How far has the fleeing object traveled when it is caught? Show

that the pursuer has traveled twice as far.

y

x

1

y= 362 -3x12 4 2)

y=31- lo(e.x/ZO + e—x/20)

' Figure for 33 Figure for 34

34. Roof Area A barn is 100 feet long and 40 feet wide (see
figure). A cross section of the roof is the inverted catenary
y =31 — 10(e¥/?° + ¢=*/29) Find the number of square feet
of roofing on the barn.

35. Length of a Catenary Electrical wires suspended between
two towers form a catenary (see figure) modeled by the equation

y = 20cosh%, =20 = %< 20

where x and y are measured in meters. The towers are 40 meters
apart. Find the length of the suspended cable.
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Figure for 35

36. Length of Gateway Arch The Gateway Arch in St. L=
Missouri, is modeled by
Y = 693.8597 — 68.7672 cosh 0.0100333x,
—299.2239 < x < 299.2239.

Figure for 36

(See Section 5.8, Section Project: St. Louis Arch.) Find
length of this curve (see figure).

37. Find the arc length from (0, 3) clockwise to (2, /5) along &%
circlex? + y2 =9,

38. Find the arc length from (-3, 4) clockwise to (4, 3) along
circle x> + y? = 25. Show that the result is one-fourth
circumference of the circle.

In Exercises 39-42, set up and evaluate the definite integral &
the area of the surface generated by revolving the curve ak
the x-axis.

40. y = 2/

39. y= %x3

In Exercises 43 and 44, set up and evaluate the definite inte g
for the area of the surface generated by revolving the curss
about the y-axis.

43. y=Ix+2

4. y =9 — 42
y ;
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Function Interval
&S, y = sinx [0, 7]
revolved about the x-axis
% y=Inx [1,¢]

revolved about the y-axis

. Writing About Concepts

<7. Define a rectifiable curve.

48. What precalculus formula and representative element are
used to develop the integration formula for arc length?

49. What precalculus formula and representative element are
used to develop the integration formula for the area of a

surface of revolution?

. The graphs of the functions f; and f, on the interval [, 5]
are shown in the figure. The graph of each is revolved about
the x-axis. Which surface of revolution has the greater
surface area? Explain.
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A right circular cone is generated by revolving the region
bounded by y = hx/r, y = h, and x = 0 about the y-axis.
Verify that the lateral surface area of the cone is

S=arJr*+ h2

A sphere of radius r is generated by revolving the graph of
¥ = /r? — x? about the x-axis. Verify that the surface area of
the sphere is 477 r2.

~ Find the area of the zone of a sphere formed by revolving the
graph of y = /9 — x2, 0 < x < 2, about the y-axis.
Find the area of the zone of a sphere formed by revolving the
graph of y = /r? — x2,0 < x < q, about the y-axis. Assume
thata < r.

Bulb Design  An ornamental light bulb is designed by
revolving the graph of

P — %xl/z — P2 0<x< %

about the x-axis, where x and y are measured in feet (see
figure). Find the surface area of the bulb and use the result to
approximate the amount of glass needed to make the bulb.
(Assume that the glass is 0.015 inch thick.)
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Figure for 55

. 56.

2 2
Think About It  Consider the equation% + yz =1

(a) Use a graphing utility to graph the equation.

(b) Set up the definite integral for finding the first quadrant arc
length of the graph in part (a).

(c) Compare the interval of integration in part (b) and the
domain of the integrand. Is it possible to evaluate the
definite integral? Is it possible to use Simpson’s Rule to
evaluate the definite integral? Explain. (You will learn how
to evaluate this type of integral in Section 8.8.)

. 57:

Modeling Data  The circumference C (in inches) of a vase is
measured at three-inch intervals starting at its base. The
measurements are shown in the table, where y is the vertical
distance in inches from the base.

y 0 3 6 9
GE- 50655 70 66

12
58

15 18

48

51

(a) Use the data to approximate the volume of the vase by
summing the volumes of approximating disks.

(b) Use the data to approximate the outside surface area
(excluding the base) of the vase by summing the outside
surface areas of approximating frustums of right circular
cones.

(¢) Use the regression capabilities of a graphing utility to find
a cubic model for the points (y, ) where » = C/(27). Use

the graphing utility to plot the points and graph the model.
(d)

Use the model in part (c) and the integration capabilities of

a graphing utility to approximate the volume and outside

surface area of the vase. Compare the results with your

answers in parts (a) and (b).

. 58. Modeling Data Property bounded by two perpendicular
roads and a stream is shown in the figure on the next page. All
distances are measured in feet.

(a) Use the regression capabilities of a graphing utility to fit a
fourth-degree polynomial to the path of the stream.

(b) Use the model in part (a) to approximate the area of the
property in acres.

(¢) Use the integration capabilities of a graphing utility to find
the length of the stream that bounds the property.
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(150, 430)
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Figure for 58

59. Let R be the region bounded by y = 1/x, the x-axis, x = 1, and
x = b, where b > 1. Let D be the solid formed when R is
revolved about the x-axis.

(a) Find the volume V of D.

(b) Write the surface area S as an integral.

(c) Show that V approaches a finite limit as b — co.
(d) Show that § — oo as b — oo.

60. (a) Given a circular sector with radius L and central angle 0
(see figure), show that the area of the sector is given by

1,
S = > L?6.

(b) By joining the straight line edges of the sector in part (a), a
right circular cone is formed (see figure) and the lateral
surface area of the cone is the same as the area of the sector.
Show that the area is S = 77L, where r is the radius of the
base of the cone. (Hint: The arc length of the sector equals
the circumference of the base of the cone.)

Figure for 60(a) Figure for 60(b)

(c) Use the result of part (b) to verify that the formula for the
lateral surface area of the frustum of a cone with slant height

L and radii r,andr, (see figure) is S = 7'r(r1 =+ rZ)L. . 66.

(Note: This formula was used to develop the integral for
finding the surface area of a surface of revolution.)
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61. Individual Project Select a solid of revolution from everys
life. Measure the radius of the solid at a minimum of
points along its axis. Use the data to approximate the volums
the solid and the surface area of the lateral sides of the soliz

62. Writing Read the article “Arc Length, Area and the Arce:
Function” by Andrew M. Rockett in Mathematics Maga=u
Then write a paragraph explaining how the arcsine function
be defined in terms of an arc length. (To view this article. oo
the website www.matharticles.com.)

63. Astroid Find the area of the surface formed by revolving &
portion in the first quadrant of the graph of x*/3 + y2/3 =
0 <y < 8 about the y-axis.

Y yr=Lx(4-x)?2

Figure for 63 Figure for 64

64. Consider the graph of y? = ﬁx(4 — x)? (see figure). Find
area of the surface formed when the loop of this grapa
revolved around the x-axis.

=N
o

Suspension Bridge A cable for a suspension bridge has =
shape of a parabola with equation y = kx2. Let & represent =
height of the cable from its lowest point to its highest point &
let 2w represent the total span of the bridge (see figure). She
that the length C of the cable is given by

W 2
c=2f < Db o
0 w

b d

Suspension Bridge The Humber Bridge, located in e
United Kingdom and opened in 1981, has a main span of at
1400 meters. Each of its towers has a height of about 1 :
meters. Use these dimensions, the integral in Exercise 65. == £
the integration capabilities of a graphing utility to approximas
the length of a parabolic cable along the main span.

Putnam Exam Challenge

67. Find the length of the curve y> = x3 from the origin to the poise
where the tangent makes an angle of 45° with the x-axis.

This problem was composed by the Committee on the Putnam Prize Competition.
© The Mathematical Association of America. All rights reserved.





